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Second Order in the Gradients Effects in a
Dilute Binary Mixture'

F. J. Uribe? and L. S. Garcia-Colin>?

A study is made to compute relevant transport properties for a dilute binary
mixture of inert gases to second order in the gradients without explicitly solving
the Boltzmann equation to that order. This is done with the Chapman—Enskog
method, seeking to express such quantities in terms of the solution to first order.
The pressure tensor and the velocity of diffusion are two quantities which allow
for this computation. In the particular case when the sum of the particle den-
sities of the mixture (n,, np) is constant, one finds that in order to keep the
Chapman-Enskog method mathematically consistent, it is necessary that the
divergence of the mass velocity be position independent. Finally, we consider
the case of swarms of charged particles and study the prediction of the method
in the Navier-Stokes and Burnett regimes for diffusion phenomena. In the latter
case, the results are restricted to electrons in a gas.

KEY WORDS: Boltzmann equation; Burnett regime; Chapman-Enskog
method; diffusion; mobility; pressure tensor; swarms.

1. INTRODUCTION

In this work, we study diffusion phenomena in swarms of charged particles
by using the Chapman-Enskog method to solve the Boltzmann equation
for a binary mixture. We analyze the solution to first and second order in
the Knusden parameter (Navier—Stokes and Burnett regimes).

Assuming that the experimental temperature and pressure can be iden-
tified with the theoretical expressions given for these quantities in the case
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of a binary mixture [1], we study the conservation equation for the num-
ber density of charged particles (n,) when the pressure and temperature are
held constant. This is a common restriction in experiments made on
swarms of charged particles [2, 3], and as a consequence of the iden-
tification mentioned above, the total number density () turns out to be a
constant.

In the second section, we consider the Boltzmann equation for a dilute
binary mixture for swarms. We also discuss the conservation equation for
the number density of charged particles with a constant total density.

The third section contains the main part of this work. It is shown how
the relevant fluxes in a binary mixture to second order in the gradients can
be expressed in terms of the first order in the gradient’s term for the dis-
tribution function in the Chapman-Enskog method. The results are applied
both to computing the pressure tensor and to the diffusion velocity. In the
latter case we derive a nonlinear partial differential equation for n, whose
structure and properties are discussed for a one-dimensional flow of elec-
trons using the Lorentz approximation [1]. This is an oversimplification of
a realistic swarm but allows for some quantitative predictions. A more
detailed discussion of these features will be published elsewhere [4].

In the fourth and final section, we obtain the mobility to first and
second order, using the conventional identity for the drift velocity [5].

2. THE BOLTZMANN EQUATION FOR THE
BINARY MIXTURE

If /' denotes the one-body distribution function for the ith species
(i=A, B), the evolution equations for the f”s in the case of elastic
collisions are given by

A AR A

7+CA'fo +Fp Vo f"= —Jaa—Jan

o (1)
F"'EB'Vr'fB"'FB'Vc'BfB:_JBB_JBA

where —J,, represents the collisions between the A species, —J,p the
collisions between the A and the B species, etc. The form of this term is
given in the literature [6]. Here ¢, represents the molecular velocity of the
ith species, and F, the external force.

In the case of swarms of charged particles in which the density of
charged particles (A species) is extremely low compared with that of the
neutral species (B), it is possible to justify neglecting the term J,, com-



Gradient Effects in a Dilaute Binary Mixture 623

pared with J,p and also of J,5 compared with Jgy. Hence Eqgs. (1) reduce
to

ot . AR A
“a‘t-“'CA'V;f +EA Vo [P =—Jup

o* . B 7 B
'a_t“'}'CB'V;f +FB-VL’Bf =_JBB

2)

In this system the equation for f® is uncoupled, and given f®, the
equation for f is linear in f*. Usually f/® is taken as a global Maxwellian

[71.

2.1. The Conservation Equation for the Number of Particles

As is well known, the existence of the collision invariants implies the
existence of conservation equations. For the number of particles of the A
and B species, these are [8]

on;
ot

where (Y(¢;))> = (1/n)) [¥(¢)) f* dé,.

Equations (3) immediately lead to

+V-(n<é>)=0, i=AB (3)

on

at+v‘(”A<5A>+nB<5B>)=O

Thus, for n constant it follows that V- @ =0, where 3=1/nY B , n,(é,) is
the number velocity. Using this fact, Eq. (3) for n, can be rewritten as [9]

0 = "
A= —V-[”An”“«cn—<CB>)}—ca-wA )

where C,=¢,— ¢, is the peculiar velocity and ¢, = (ZB_ , p{é>/p) is the
mass velocity. Here p; is the mass density of the ith species and p=
PaTtPp-

3. SECOND ORDER IN THE GRADIENT EFFECTS

In the following we use the Chapman—-Cowling [1] notation and do
not express the solution in terms of the parametric Enskog expansion
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which is usually found in the literature [107]. The method is based on a
series expansion for the distribution function of the form

fizfi(O)[l +¢i(1)+¢i(2)+ ]’ i=A,B

where £ is the local Maxwellian and ¢V, ¢*®,. etc., are corrections to
f*®_ The expansion parameter is usually taken to be the Knusden
parameter for the system under study [1, 9, 10].

3.1. The Navier-Stokes Regime

To first order in the expansion parameter, the distribution function is
given by
f(i) :fi(o)[l + ¢t‘(1)]

where the correction ¢ has the form [11]
¢ V=A4,-VIn T+ D, d,+ B,:Vé,
Here, T is the temperature and d, is given by

&= (npJn) Vs + [l —m, ) np IV In p —E508 (F, — Fy)

The equations satisfied by the tensors B, = B,C;C, are
SAE3Ca=n3In(Ba)+npnglns(Bs+ By)

L - ~ (5)
fP€5 € =niIg(Bg) +nanglpa(B,s + By)

Those for A, and D, are of no relevance for this paper and are given in
Ref. 11. The form of the linear operators “I” has been considered elsewhere
[12] and 6, = (2kT/m,) "2 C..

Taking F, = (es/ms)E, Fy =0 with e, the charge of the A species, it
can be shown that [1] when the pressure and temperature are held con-

stant, then .
nangmpep b
——] (6)

(Cay—(Coy = —mngn |V (22) 220

where D is the diffusion coefficient. Substitution of Eq. (6) into Eq. (4)
gives a nonlinear equation for n,, which in the case of swarms (n,/n<1)
reduces to

G ' D .
ona _<a3+”e; E>-VnA+DV2nA (7)

We discuss this equation in Section 4.
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3.2. The Burnett Regime

To second order in the expansion parameter, /' reads as f'=
FIO[L 4 ¢™ 4 ¢, Tt is possible to show that the equations for ¢
satisfy the following identities [4]:

TA 4 Tpa[fAOf O] 4+ T [ A PD]
= —ni I [4*?] —npnglap[¢*P + 4%*)]

(8)

TP+ Ty [P OFED] + Ts L 20)

= —njIpp[¢®@ ] —npnglpa[42% + %]

where

02O Dy f'Y (o Dyéy :
= - v

ot + Dt +<F‘ Dz)v’f

+ GV (Vo fOC):V, 60, i=AB ©)

In Eq. (9) the operators @,/0t and Dy/Dt are defined in Ref. 1.
However, at this stage it is important to point out that in order that the
Chapman-Enskog expansion is mathematically consistent for the case
n=cte, V(V-¢é,) has to be equal to zero. The proof of this is given in
Appendix A. This condition will be used later.

Let us now consider the second-order contribution for the pressure
tensor P® = 2i—AB mijfi(0)¢i(2)6i€i dé;=%i-an mijfi(0)¢i(2)é?6i dc,
which in terms of the adimensional velocities €, = (2kT/m,)~"* C,, takes
the form

PQ@ — ZkT{ Z [J fi(0)¢i(2)(glq(gi dgi:|} (10)

i=AB

By substituting Eqgs. (5) in Eq. (11), we obtain

p@

= j PAO[MAIN(By) +nanglap(Ba+ By)1dé,

+ j ¢PP[n3Ip(By) + npngIop(Bs+ By)] déy

=nilBa, $* @1+ nung[Bs+ By, ¢ + 2@+ n3[ By, 92?1
(11)
Using the symmetry properties of [ , ] and its definition, we have

p® - . ~
= | BAALAN 1 dey tnans [ BuLal® + 47 de,

+ nany [ Bylao[ 920+ $°D1 dég+ 13, [ Bula[¢® @] dcy (12)
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If we multiply the first equation in (8) by B, and integrate over ¢,,
then multiply the second equation by By and integrate over ¢z, we have,
after summing the results and comparing with Eq. (11),

f:) Z j[rt J1 B, (13)

where
T = DAL/ 0T 4 T LA 0]

TP = Tan LSO BT + T [FP0f0)]

In an analogous manner one can show that [13]
. . 1
(CpdP—(Cy)P = ——{ jch[FurJ‘“]} (14)
h i=AB

and for the heat flux it happens that
‘i(z) 5 7\ (2) s AT (1
== T e |+ X [acdrr+im (15)

i=A,B i=A,B

Equations (13)—(15) contain the main results of this work, namely, the
expression of the second-order contribution to the fluxes in terms of the
first-order solutions. Since we are interested mainly in the diffusion proper-
ties of swarms, we focus our attention on Eq. (14).

Since D, is odd in C, it is necessary to consider only the odd parts of
[I7+J"] in Eq. (14). Also, for swarms we have that Dy =0 [see Eq. (2)],
and therefore we need to evaluate only [I™ + J(V]°%. At constant pressure
and temperature, I™ is given by [13]

2 éDy  , 0D
A_ _~“ L2 _A A
I = 3\7 c0<T - CA)CA dy
~ [Dyd . .
+ D, Cy- [ I")A—Vco d ]+{[CA-V<%>](CACA:V°5O)

n* 0B, 2p 8B;> 2p
+ | —=2+E 22 )+=B,(d,.C Vo, )}
(”B Onsy  padC2 Pa ATTATA

2p OB oD
P ) A)

Cur  CACACy:V (
I:(A A)(AA o) A@Cz a2

2 - . .
+ p—ij\(dACA:Vc’o)ﬂ—BgCA-V,(CACA:VEO)] (16)
A

where Ay = —[f*Y/T14,, Dy= —f*D,, and B, =2f*"B,.
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To evaluate I'* % it is necessary to give the form of A,, D,, and B,
For the Lorentz approximation these quantities are given by [14]

= (‘gi—~%)/[n3 |6A| ¢ ]1=71/ns
Dy= —n/[nsng |Cal ¢ = (nfnang) v (17)
BAzmA/[3anT|éAI¢(2)] 75/np
where ¢{) are defined by Eq. (9.33,4) of Ref. 1, and the quantities y; are

functions of |C,| and 7. When the result of the substitution of Eq. (17) into
Eq. (16) is used, it turns out that Eq. (14) can be written as
1

. > 2 =
<cx>@%~<cBV”=-—;{——EV-@ofmAnngfdA

~ Dyd
+ (nz/nAnB) Wz’( 10)

—Vé,- dA>

2mpgen
(nP/nand) my - (VnaVOeo) + B2
NG

7, (V4L E)

2 o

BCAlt g Ve, E)

Mmang
2

n 5 n . "
e (@0 + 2w Ve T+ (19)
B

A'B

Here Wj, j=1, 2, 3, are second-order tensors, and =,, /=1, 2, 3, 4, fourth-
order tensors; the general form of them is given below. J represents the part

corresponding to the collisions and its form is given in Appendix B
For the tensors W and =, we have

(19)
+ ikik + tkki + jjii + 37777 + jikk + jiij
+ Jiji+ jljk + jkki + kkii + kkjj
+ 3kkkk + kitk + kiki + Ejjk + kikf)

The integrals w; and J, have been evaluated for a potential proportional to
o

~®=1 (p>=5), and their values for the Maxwell model (v=5) are given in
Appendix B.
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In order to simplify the calculations we take the one-dimensional case
as defined by the relations Vn, = (0n,/0z)(z, t)k, Vé, = (8co/dz)(z, 1)k. Then
Eq. (18) reduces to

[<6A><2>—<€B><2)]-1€=—1[< " ) Oy, EzE] (20)

nl\nang) "' 9z  ngn,
To obtain Eq. (19) use was made of the relation V(V - é,) =0, and E = Ek.

Z, and Z, are given by

5 Wi W +En51n—B—En53

32/ ma > mg \** o X
27\27kT) \2mkT) R*T''7?

_[16nw1mB Eaw,myg 32mg 6, 16 ww,; my
== 2

l: 16 8 16 n 32
1= =

9 pp 3 pp 45manp 9 np my

[

45 pp 27kT

32 n53m3+32 o ( My )3/2< my )3/2mB

— K
2nkT 2nkT) pp Vﬁz] taca

Here ¢ is the gas viscosity and K=V -¢,. The collision integrals 7, and 7,
are also given in Appendix B for the Maxwell model.
From Eq. (20) it follows that

V. nAnB[(C NCEDTANCI I 1 ElanA+6u16nA+E6nA:;
072 0z 0z oz

(22)

where Z¥={1/ns+ [(mg—my)/p]l} 5,. Since (05,/0z)=[Z/ng+
(16/45)(nKnd /n3)1(0n,/dz), we notice that the second term in Eq. (22) is
nonlinear in 0n,/0z. However, for the case of swarms, we can make an
estimation of this term with respect to the first one. We take =Z,/ny, the first
coefficient of (6n,/0z)% and compare it with =, /n, the coefficient of the first
term in Eq. (22). Then, if L is a characteristic length of the density
variations, so that (0n,/0z)~n,/L and (0°n,/0z*)~n,/L? we have
[Z g (0na/02)* /[ E1(0°na/02%)] ~ na/n, and therefore the nonlinear term
can be neglected. If we consider only the linear terms, then Eq. (21) can be
written as

NANg . n_ 1 ﬁznA ony
Vo[22 (e cCy = e @)
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where, in the case of swarms, 4, and 4, are given by

L[ 416 3
v — —?TEWI—?,TCWZ 45751 457Z3
32/ my, )3/2< mpy )3/2 o }K
277 \omkr) \omkr) *T'M7?
(24)
L _Kea[16 8 32 GkT 16 wikT
P I I R T T A

N 16 s +32 ¢ ( ma \?/ my )3/2 ]
45" T 7 kT \omkT) \2mkT) 172

Taking /) in the Burnett approximation in Eq. (4) and using the
results obtained to first order [Eq. (7)], we come to the conclusion that
when Eq. (23) is taken into account, then

ony . nDe E A, E\ 0ny A\ 0%ny
A _B\TA  (pX
ot <w+ p n )t n) 0z*

(25)

is the equation satisfied by n, in the Burnett regime. Noting that, for the
Maxwell model, (k7/K,,) has dimensions of length~* (see Appendix B)
and using the expressions for the integrals given in Appendix B to evaluate
A; and 2,, one can check that Eq. (25) is dimensionally correct.

4. THE MOBILITY

In the experiments on swarms of charged particles a very important
quantity is the drift velocity (v4), which is usually considered constant
[2,3]. The mobility y is defined by the relation ¥;= yE and it is impor-
tant to give a theoretical evaluation of y. In order to do this, it is necessary
to find the theoretical velocity that can be identified with the drift velocity.
We use the usual identification (see below) and assume that the neutral
species is at rest with respect to the laboratory reference frame so that
(épy=0.

With density gradients present besides an electric field, one would
expect for the mean velocity of charged particles ({¢&, D), a relation of the

type
(E\>=0,Vn,+0,E (26)

From {(é,>=<C,>—<Cy> and Eq. (6), we sec that this actually
happens in the Navier-Stokes regime. From Eq. (25) we note that the
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mean velocity has a diffusion velocity (¢,Vn,) and a part proportional to
the electric field (o, E). The latter velocity is usually identified with the drift
velocity, so that the transport coefficient o, is the mobility. In the Navier—
Stokes regime we obtain for the mobility [see Eq. (6)]

y=(eaD)(KT)

which is the well-known Einstein—-Townsend relation [15].
In the Burnett regime and for swarms, we obtain for the mean velocity
the following expression (see Eq. (20)]:

e D i 1\dny (exD 4y
ot (B A2 s

Thus we have from Eq. (26) that the mobility in the Burnett regime is
given by

e D 1,
Y=

kT n

If K#0 we see that the mobility is not given by the Einstein—
Townsend relation.

To find out what can be said about the diffusion coefficient, we turn
our attention to Egs. (7) and (25). Since the gas is considered at rest, we
have (W|/|{ésD>|=n4|n, thus allowing us to neglect the term w-Vn,,
which is very small in comparison to the terms proportional to E-Vn,.
Then the expressions for dn,/0t are

0 D
_gt—A A oV, +DV?n, (28)
in the Navier—Stokes regime and
ony ne D /12> 6nA Ay )02nA
A E—2 — 29
ot ( P * 62 b 0z* (29)

in the Burnett regime for the one-dimensional case. The latter equation can
be written as

on on 6°n

i —y*E—A + D* ZA

ot 0z 0z

(30)

which is a diffusion-type equation, but with y* and D* no longer satisfying
the Einstein-Townsend relation.



Gradient Effects in a Dilute Binary Mixture 631

5. DISCUSSION

Since up to first order in the CE expansion we have obtained the
Einstein-Townsend relation and the continuity equation used in the
experiments (for low fields), the identification made bétween the
experimental quantities (pressure and temperature) and their theoretical
counterparts for low fields gains support.

In the Burnett regime and for the one-dimensional case, one can
obtain the diffusion-type Eq. (25) with new transport coeflicients y* and
D*. They are expressed in terms of some integrals but are also proportional
to the divergence of the mass velocity, which is a measure of the com-
pressibility of the binary mixture. In order to evaluate them, one must
know V-¢,. In principle V- ¢, can be determined from the conservation
equations by imposing certain boundary or initial conditions to ¢,. The dif-
fusion-type equation for n, [Eq. (30)] has been solved using certain boun-
dary conditions for n,, casting some light on the above problem [2].

The above conclusions are a direct consequence of the relation
V(V-é;)=0. Since the relation is obtained by a purely mathematical
argument, one may ask if this is a physically acceptable condition. If not,
then either it is not possible to interchange the order of derivation in
(Do/Dt)V or Dy/Dt does not satisfy the rules of differential calculus. In
either case, the conclusion will be that the method is incomplete, since in
this situation there is no way to evaluate quantities such as
(Do/D1)[V(ny/n)].

If V- é,=0, then the mobility and the diffusion coefficient are the same
in the Burnett and Navier-Stokes regimes. However, from the conservation
equation for the total mass (Dp/Dt)+ pV - é, =0, when the total density is
a constant, one is led to

(s =) S22 4oy mg) € Vi, =0

which shows that there are no diffusion terms in the equation for n,, even
if one takes the first-order expressions for ¢,, since the terms proportional
to D are nonlinear in n,.

The integrals mentioned in Section3 can be divided into drift
(wy, wa, w3, 04, 6, 03) and collision (p,,7,) integrals, all susceptible to
evaluation for a potential proportional to r ==Y, For the Maxwell model
the contribution to the mobility arising from the collisions (y,,y,) is
proportinal to (mg/m,)"* so that it may dominate over the drift terms.
Note, however, that if the distribution function of the gas molecules is
taken as a Maxwellian [ 3V =07, then their contribution is zero.
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For the Navier—Stokes regime the results are valid no matter what the
mass ratios are. However, since in the Burnett regime we have used the
Lorentz approximation, the results are valid for light ions in a heavy gas.
Furthermore, since we have considered elastic collisions, the results can
also be applied to ions in monoatomic gases. In this way the Burnett
predictions of the Chapman—Enskog method may be compared with
measurements obtained from electrons in a monoatomic gas.

APPENDIX A

Let us now show that the condition V(V - &) =0, when 7 is a constant,
is a necessary condition for the Chapman-Enskog method to be
mathematically consistent. The action of Dy/Dt on the densities is given by

1]

Don; dgn; .
#:-%7+co-Vni= —n,V- ¢, (31)

From Eq. (30) we obtain, after adding the equations for each species,

D .
ﬁn: —nV-é, (32)

If we assume that we can interchange the order of derivation to
evaluate (0,/0¢)[V(na/n)] and noting that (Do/Dt)(na/n) =0, we get

o (Vi) =V | B2 (nafn) | ~Veo-Vingin) (33)

On the other hand, when n is held constant we have V(n,/n)=
(1/rn) Vn,. Hence

0 D, (1 . 1_(D .
B V()] = 22 (294 ) = (V¥ o+ 29 (D2 ) ~Veo Yy

_ _%V(V-éo)—V(?o-V(nA/n) (34)

By comparing Eq. (33) and Eq. (34) we conclude that V(V-é,) =0 when n
is a constant.
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APPENDIX B

To show how we obtained Eq. (19) we sketch the evaluation of the
collision term which appears in this equation. From Egs. (18) and (19) it
turns out that the ith component of J is given by

- n - - . 2 = . = .
Ti= ¥ [ DuinCadWCo ([ de @3 ) dey dyVe),
B

Jihy
y 20 [ my \¥?
kT \2nkT
where ¢ is the viscosity of the gas. To obtain this equation we took the
first Enskog approximation for fBY) and wused the relations

[(Ch—Ca)bdbde=C,¢\Y, g=|Cpl, and Cy=Cj.
J may be written as

J—[ 26/ my, 3/2< myg \*? n
L kr\2nkT) \27kT) ng

X [ f D,C,C, exp( —EA)Wdc’A] (dA V%)

where W = | déy %s%s and the dot product is defined as (T-T,),;,=

T,jlyT /1 when 7 is a fourth-order tensor and T, a third-order tensor.

Using the fact that if w= jchf(CA) C,C,, then w=(2n/3)[[& d|C,l
C4 f(C2)1(ii+ jj+ 2kk), we conclude that

_ 20 ([ my 32 Mgy Yﬁzn + g+ 0
= _ﬁ<2nkT> <2nkT) R w=wr): (JVCO)< )

where W = (i + jj+ 2kk) and y, and y, are given by

o Wl = = 3 mB =32
n=] GG e (=@ Gl = ()

w© - o 31 2k2)1/2 2kT )3/2 1
= C4 ! — @2 = (== il —
Y2 ‘[0 N CXp( A)dICA| 16\/7_-C<K12 <mA AI(S)

The last value of y, is for the Maxwell model. The other integrals which
appear in the paper are given, for the Maxwell model, by

9 kT 1 3 kT 1
R Ky, A(5) 2T T16 Ky, n°A25)

le



634 Uribe and Garcia-Colin

S U SR 55kl 1

8 Kip mA4,(5) A(5)° TR L A4(5) 4,5(5)
L7 S S _3 kKT 1
8 K1, m°A4,(5) 4x(5)° >T16 Ky, n*43(5)

where A4,(5)=0.422 and A,(5)=0.436. The interaction potential for the

io

ns and the gas is given for the Maxwell model by ¢,5(F) = K,,/4r*.
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